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We investigate single-particle ballistic scattering on a rectangular barrier in the nodal-line Weyl
semimetals. Since the system under study has a crystallographic anisotropy, the scattering properties
are dependent on mutual orientation of the crystalline axis and the barrier. To account for the
anisotropy, we examine two different barrier orientations. It is demonstrated that, for certain angles
of incidence, the incoming particle passes through the barrier with probability of unity. This is
a manifestation of the Klein tunneling, a familiar phenomenon in the context of graphene and
semimetals with Weyl points. However, the Klein tunneling in the Weyl-ring systems is observed
when the angle of incidence differs from 90◦, unlike the cases of graphene and Weyl-point semimetals.
The reflectionless transmission also occurs for the so-called ‘magic angles’. The values of ‘the magic
angles’ are determined by geometrical resonances between the barrier width and the de Broglie length
of the scattered particle. In addition, we show that under certain conditions the wave function of
the transmitted and reflected particles may be a superposition of two plane waves with unequal
momenta. Such a feature is a consequence of the non-trivial structure of the iso-energy surfaces of
the nodal-line semimetals.
PACS numbers:
I. INTRODUCTION
Topological semimetals (TSMs) were predicted theo-
retically1–7 and then discovered experimentally8–11. The
main feature of the TSMs is that the valence and con-
duction bands intersect in several (nodal) points or closed
(nodal) lines in momentum space2,5,12. Thus, in contrast
to a usual metal with a two-dimensional Fermi surface,
the Fermi surface of a three-dimensional TSM is reduced
to a finite set of points or curves. Specifically, for the
nodal-line semimetals, which we discuss below, the Fermi
surface is shrunk to a curve.
Within a simplest theoretical framework4, the nodal
line (or ring) of a Weyl semimetal is a closed plane curve
in a three-dimensional Brillouin zone2–4,13. In the plane
of the nodal line, which we will also refer to as the basal
plane, the kinetic energies of the electrons and holes are
proportional to the square of the distance from the nodal
line. As the momentum deviates from the nodal line
in the direction normal to the basal plane, the energy
variation is proportional to this deviation.
Since the spectrum of the nodal-ring semimetals is
rather peculiar, one can expect some unusual scatter-
ing effects in these materials. For example, the electron
and hole bands touch each other near the Fermi energy
in the TSMs, and even weak spatial variation of the
potential energy can lead to the interband transitions.
Consequently, a single-particle scattering problem must
take into account both electron and hole states. This is
a necessary condition for observation of the Klein phe-
nomenon, that is, a process in which a particle passes
through high and long potential barrier without reflec-
tion14,15. Klein tunneling was described theoretically15,16
and observed experimentally17 in graphene. It suppresses
the backscattering, thus contributing to the increase of
the graphene electron mean free path. It is known
that the Klein phenomenon requires linear single-particle
spectrum. Since electron dispersion in the nodal-ring
semimetals is linear in some directions in k-space, the
Klein tunneling might be expected in these materials un-
der certain conditions.
Here we study the scattering of an electron by a step-
wise potential barrier in the ballistic regime. Four dif-
ferent cases are considered: barriers with finite and infi-
nite width, both perpendicular and parallel to the basal
plane. We demonstrate that reflectionless tunneling is
possible for both orientations of the barrier. Similar to
the graphene15, the perfect transmission in the nodal-
ring semimetals is associated with both Klein tunneling
and ‘magic angles’ resonances18. The Klein phenomenon
in the nodal-ring semimetals is observed if the incident
angle of the particle differs from 90◦. This is dissimilar to
the case of graphene and Weyl-point semimetals, where
this effect exists only for normal incidence.
Another interesting feature of the scattering in the
studied materials is the emergence of two transmission
and two reflection channels for a single incident plane
wave. To characterize such a scattering one needs two
transmission and two reflection coefficients. The trans-
mitted (reflected) particles in different transmission (re-
flection) channels have different momenta. This prop-
erty is in stark contrast with the scattering of free non-
relativistic electrons, where the momentum of the outgo-
ing particles are uniquely fixed by the momentum of the
incident particle. The existence of the multiple scattering
channels is a consequence of the complicated dispersion
structure of a nodal-ring semimetal.
The paper is organized as follows. In Sec. II we briefly
2discuss the theoretical model of a nodal-ring semimetal.
This model is used in Sec. III to study the scattering on a
barrier parallel to the basal plane. The barrier perpendic-
ular to the basal plane is discussed in Sec. IV. Summary
and conclusions are in Sec. V.
II. MODEL
We write the Hamiltonian of the system in the follow-
ing form4:
Hˆ(k) = (m−Bk2⊥)σx + kzσz + Uσ0, (1)
where k = (kx, ky, kz) is the single-particle momentum,
and scalar k⊥ is determined by the formula k
2
⊥
= k2x+k
2
y,
coefficient m is an analog of the rest mass, the quantity
1/(2B) is an inertial mass for the motion in the xy-plane,
and U is the potential energy. Matrix σ0 is the 2x2 unity
matrix and σx,z are the Pauli matrices. We set ~ and vF
in z direction equal to one. The spectrum of Hamilto-
nian (1) is
εe,h
k
= U ±
√
(m−Bk2
⊥
)2 + k2z , (2)
where label ‘e’ (‘h’) corresponds to electrons (holes). If
the potential energy is zero, the solutions of the equation
εk = 0 forms a circle of radius k⊥ =
√
m/B in the xy-
plane. This circle is the nodal line of the model, and
xy-plane is the basal plane. Normalized eigenfunctions
of the Hamiltonian (1) are spinors
ψk=Ck
(
1
χk
)
, χk=
ε−U−kz
m−Bk2
⊥
, Ck=
1√
1+χ2
k
. (3)
Following a standard procedure19, we can calculate the
probability current associated with a plane wave ψ(r) =
aψke
ikr:
j = |a|2

−4χkBkx−4χkBky
1− χ2
k

 . (4)
This current is invariant with respect to rotation in the
xy-plane. We will use Eq. (4) below to choose a correct
structure of the outgoing waves and to define properly
transmission and reflection coefficients.
III. BARRIER PARALLEL TO BASAL PLANE
First we consider the situation when the barrier is par-
allel to the basal plane, see Fig. 1. The potential en-
ergy U(z) = U [θ(z)− θ(z −L)], where θ(z) is the Heavi-
side step-function, depends on z coordinate only. Barrier
width in the z direction is equal to L. In the x and y
directions the barrier extends to infinity. Thus, the mo-
mentum components kx and ky are conserved. Further,
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FIG. 1: Barrier parallel to the basal plane. Panel (a): Po-
tential energy U(z). It is finite and constant for 0 < z < L.
Otherwise, it is zero. Panel (b): Incident, reflected, and trans-
mitted waves near the barrier. The wave vectors of the in-
coming and outgoing waves are shown schematically by the
dashed lines with arrows. The barrier is represented by the
blue hatched area. Panel (c): Relative orientations of the
barrier and the iso-energy surface. The iso-energy surface is
defined by the equation ε2 = (m−Bk2⊥)
2 + k2z . It is shown
by (green) torus in the reciprocal space. The barrier is shown
as blue parallelepiped.
3we assume that the incident particle is an electron (not
a hole). The barrier divides the space into three regions
(to the left of the barrier, to the right of the barrier, and
under it). The wave function in these three regions is
ψ = C+e
ikzz
(
1
χ+
)
+ rC−e
−ikzz
(
1
χ−
)
, z < 0,
ψ = Deiqzz
(
1
φ+
)
+Fe−iqzz
(
1
φ−
)
, 0 < z < L, (5)
ψ = t C+e
ikz(z−L)
(
1
χ+
)
, z > L.
Here
kz =
√
ε2 − (m−Bk2
⊥
)2, (6)
qz =
√
(ε− U)2 − (m−Bk2
⊥
)2. (7)
The quantities ±kz and ±qz are the z-components of the
wave vectors outside and inside the barrier, respectively.
Energy of the incident electron is ε, and
χ± = χ(±kz) =
ε∓ kz
m−Bk2
⊥
, (8)
φ± = φ(±qz) =
ε− U ∓ qz
m−Bk2
⊥
,
C± = (1 + χ
2
±)
−1/2.
Factor eikxx+ikyy, common for all three wave functions,
is omitted for brevity. To describe a particle propagating
freely outside the barrier, the wave function must have
purely real kz, or, equivalently,
m− ε
B
< k2⊥ <
m+ ε
B
. (9)
Transmission and reflection coefficients T = |t|2 and R =
|r|2 obey the usual relation T + R = 1. To derive r and
t we should match ψ at z = 0 and z = L, accounting for
the continuity of the probability current. In this way we
derive
C+
(
1
χ+
)
+ rC−
(
1
χ−
)
= D
(
1
φ+
)
+ F
(
1
φ−
)
,
tC+
(
1
χ+
)
= DeiqzL
(
1
φ+
)
+ Fe−iqzL
(
1
φ−
)
. (10)
Solving system (10) one obtains the expression for r
r=
(U − kz)
2 − q2z
k2z + q
2
z − U
2 + 2ikzqzcot(qzL)
√
ε+ kz
ε− kz
. (11)
The dependence of the transmission coefficient T =
1 − |r|2 on the transverse momentum k⊥ is calculated
using Eq. (11). The results for several energies ε are
shown in Fig. 2. The same dependence for different bar-
rier widths L is presented in Fig. 3. We see that for cer-
tain parameter values the transmission is perfect: T = 1,
or, equivalently, r = 0. Note that k⊥ varies in the interval
defined by the conditions (9).
As it follows from Eqs. (2), (6), (7), and (11), the dis-
appearance of the reflected wave (r = 0) occurs when
either of two different conditions is satisfied. The first
one is
qzL = pin, (12)
where n is an integer. It includes the barrier width L
and corresponds to a dimensional phenomenon similar
to the Ramsauer-Townsend effect20. Unlike the classi-
cal Ramsauer-Townsend effect, which occurs for a non-
relativistic quantum particle, whose energy exceeds the
barrier height, for Weyl semimetals, below-the-barrier
particles may also demonstrate the same reflectionless
transmission. Similar phenomenon has been observed in
graphene: electrons approaching a rectangular barrier at
the so-called ‘magic angles’ propagate through the bar-
rier without reflection18. The Ramsauer-Townsend-like
peaks in T (k⊥) become more pronounced with the in-
crease of L, see Fig. 3.
If relation (12) is violated, coefficient r still can vanish,
provided that
k⊥ =
√
m/B. (13)
Under this condition ε = kz = U − qz, the Hamil-
tonian (1) effectively describes a one-dimensional rela-
tivistic particle, and the Klein scattering is observed.
Thus, while both Eqs. (12) and (13) correspond to the
reflectionless transmission of the incident particle, the
mechanisms responsible for such a transmission are non-
identical.
If qz is real, the wave function under the barrier is
described by a linear combination of plane waves. From
Eq. (7) we derive that Im qz = 0 when
m− |ε− U |
B
< k2⊥ <
m+ |ε− U |
B
. (14)
If this condition is violated, parameter qz becomes imagi-
nary, and probability for the electron to pass through the
barrier vanishes exponentially with the growth of L. As
a result, the value of T rapidly decays outside the range
of k⊥ defined by Eq. (14). The curve at ε/m = 0.9 in
Fig. 2 illustrates this feature.
In the above discussion we assumed the ballistic regime
of the electron scattering. Such an approach is valid if
the electron mean-free path lmf is larger than the barrier
width. For a wider barrier, lmf ≪ L, the electron scatter-
ing on the barrier edge at z = L becomes insignificant,
which is equivalent to the limit L → ∞, the case of a
p-n junction. Thus, we have no reflected wave within the
barrier and have to match wave function at z = 0 only.
Solving the system of two linear equations we obtain the
expression for the reflected wave amplitude in the form
r =
√
ε+ kz
ε− kz
kz − U − qz
kz + U + qz
. (15)
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FIG. 2: Transmission coefficient T as a function of the dimen-
sionless transverse momentum k⊥
√
B/m for different values
of the ratio ε/m (see legend in the figure). The curves are
calculated for U/m = 1, mL = 10, and Bm = 1. Momen-
tum k⊥ is limited by the conditions
√
(m− ε)/B < k⊥ <√
(m+ ε)/B, which guarantees that a propagating solution
(Im kz = 0) exists. When k⊥
√
B/m = 1, a perfect transmis-
sion due to the Klein tunneling is observed. In addition, the
reflectionless tunneling at the so-called ‘magic angles’ is also
possible.
In the limit k⊥ →
√
m/B, when kz → ε, we obtain
r ∝
√
ε− kz. (16)
Thus, the reflection coefficient vanishes and the Klein
tunneling is observed. Naturally, no ‘magic angles’ exist
in the case of the infinite barrier.
IV. BARRIER PERPENDICULAR TO BASAL
PLANE
Let us consider the situation when the rectangular bar-
rier is perpendicular to the basal plane. Such a config-
uration is depicted in Fig. 4. The nodal ring lies in the
xy-plane, as before. We fix y-axis to be normal to the
barrier. In such a geometry momentum components kx
and kz are preserved by the scattering process. As for
ky, we derive from Eq. (2) that ky = ±k
(±)
y , where
k(±)y =
√
1
B
(
m− Bk2x ±
√
ε2 − k2z
)
. (17)
We see that four different values of ky correspond to a
single set of parameters (kx, kz , ε). Therefore, an incident
electron can be scattered by the barrier into four possible
channels ky = ±k
(±)
y , see Fig. 4. In other words, the flux
of incident electrons is distributed between two transmis-
sion channels and two reflection channels. To distinguish
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FIG. 3: Transmission coefficient T as a function of the di-
mensionless momentum k⊥
√
B/m for different dimensionless
barrier widths mL (see legend in the figure). The curves are
calculated for U/m = 1, ε/m = 0.3, and Bm = 1. When
k⊥
√
B/m = 1, perfect transmission due to the Klein tunnel-
ing is observed. In addition, the reflectionless tunneling at the
so-called ‘magic angles’ is also possible. The latter becomes
more pronounced for wider barriers.
between the transmission and reflection channels we can
use Eq. (4) to make sure that the transmitted particle
carries positive current jy along y-axis. One can eas-
ily check that ky = k
(+)
y and ky = −k
(−)
y correspond to
the transmission channels, jy > 0, while ky = −k
(+)
y and
ky = k
(−)
y correspond to the reflection channel, jy < 0. If
m−Bk2x ≥
√
ε2 − k2z the scattering into four channels is
possible. Otherwise, the value of k(−)y is imaginary, and
the transmission and reflection channels corresponding
to k(−)y disappear.
Under the barrier, the wave function is also a linear
combination of four exponentials, each characterized by
a specific value of qy. Possible values of qy are ±q
(±)
y ,
where
q(±)y =
√
1
B
[
m−Bk2x ±
√
(ε− U)2 − k2z
]
. (18)
We will confine the following discussion by two con-
straints. First, we will assume that the incoming electron
is characterized by the momentum projection ky = k
(+)
y .
The incoming electron with ky = −k
(−)
y will not be stud-
ied. Second, only the limit kx = 0 will be explicitly
discussed. Non-zero kx may be easily accounted for by
the renormalization of parameter m. With this in mind,
we can write the wave function to the left of the barrier
(y < 0) as a sum of the incident plane wave and two
reflected plane waves:
ψ1=e
ik(+)
y
y
(
1
−χ
)
+r+e
−ik(+)
y
y
(
1
−χ
)
+r−e
ik(−)
y
y
(
1
χ
)
, (19)
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FIG. 4: Barrier perpendicular to the basal plane. Top panel:
Incident, reflected, and transmitted waves near the barrier.
The wave vectors of the incoming and outgoing waves are
shown by the dashed lines with arrows. The barrier is repre-
sented by the blue hatched area. The barrier has finite width
equal to L in the y direction and extends to infinity in the x
and z directions. Bottom panel: Relative orientation of the
barrier and the iso-energy surface. The iso-energy (green)
surface, defined by the equation ε2 = (m−Bk2⊥)
2 + k2z , is a
torus in the reciprocal space. The barrier is shown as blue
rectangular parallelepiped. Within the parallelepiped the po-
tential energy is U , outside it is zero.
where
χ =
√
ε− kz
ε+ kz
. (20)
In the region under the barrier (0 < y < L), the wave
function can be expressed as
ψ2 = a˜−e
iq(−)
y
y
(
1
φ
)
+ b˜−e
−iq(−)
y
y
(
1
φ
)
(21)
+ a˜+e
iq(+)
y
y
(
1
−φ
)
+ b˜+e
−iq(+)
y
y
(
1
−φ
)
,
where
φ =
√
ε− U − kz
ε− U + kz
. (22)
Finally, to the right of the barrier (y > L), we have
ψ3= t−e
−ik(−)
y
(y−L)
(
1
χ
)
+ t+e
ik(+)
y
(y−L)
(
1
−χ
)
. (23)
The continuity of the probability current at the barrier
edges requires the continuity of the wave function and its
y-derivative at y = 0 and y = L. As a result, we obtain
(1+r+)
(
1
−χ
)
+r−
(
1
χ
)
= (a˜−+ b˜−)
(
1
φ
)
+ (a˜++ b˜+)
(
1
−φ
)
,
k(+)y (1− r+)
(
1
−χ
)
+ r−k
(−)
y
(
1
χ
)
=q(−)y (a˜−− b˜−)
(
1
φ
)
+q(+)y (a˜+ − b˜+)
(
1
−φ
)
, (24)
(
a˜−e
iq(−)
y
L+ b˜−e
−iq(−)
y
L
)(
1
φ
)
+
(
a˜+e
iq(+)
y
L+ b˜+e
−iq(+)
y
L
)(
1
−φ
)
= t−
(
1
χ
)
+ t+
(
1
−χ
)
,
q(−)y
(
a˜−e
iq(−)
y
L− b˜−e
−iq(−)
y
L
)(
1
φ
)
+
q(+)y
(
a˜+e
iq(+)
y
L− b˜+e
−iq(+)
y
L
)(
1
−φ
)
=k(−)y t−
(
1
χ
)
+k(+)y t+
(
1
−χ
)
.
Solving these equations numerically, we calculate the am-
plitudes r±, t±, and obtain two transmission coefficients
T± = |t±|
2 and two reflection coefficientsR± = |r±|
2. Par-
ticle conservation implies that T+ + T− + R+ + R− = 1.
The results of the calculations are shown in Figs. 5 and 6,
where transmission and reflection coefficients are plotted
as functions of ε for different parameter values.
When the energy ε is within the interval kz < ε <√
k2z +m
2, the quantities k(±)y are all real. Consequently,
all four scattering channels are open. Under this con-
ditions the scattering of the incident wave with k(+)y to
the reflected wave with k(−)y may be significant. It be-
comes particularly strong if ε is close to kz : in this regime
R− → 1 when ε → kz, see Fig. 5. At the opposite end
of the considered energy interval, ε →
√
k2z +m
2, the
reflection probabilities vanish, and the incident particle
passes through the barrier without reflection, preserving
its momentum.
An analytical expressions for the transmission and re-
flection coefficients can be obtained in the limit kz = 0,
when the incident particle momentum lies in xy-plane.
(Since kz is conserved, the momenta of the transmitted
and reflected particles are confined to the basal plane
as well.) In such a situation Hamiltonian (1) decou-
ples into two copies of a scalar non-relativistic Hamil-
tonian with the spectrum ε(ky, kz = 0) = ±(m− Bk
2
y),
and χ = φ = 1. It is easy to check that a particle with
the momentum component k(+)y =
√
(m+ ε) /B cannot
6T
R
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 T
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FIG. 5: Transmission and reflection coefficients as functions of
energy. The curves are calculated for kz/m = 0.3, U/m = 1,
mL = 5 and Bm = 1. Coefficients T±(R±) correspond to
the transmitted (reflected) waves with k
(±)
y . We assume that
kx = 0 because nonzero kx only renormalizes m.
T
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FIG. 6: Transmission and reflection coefficients versus en-
ergy for the scattering confined to the basal plane (kz = 0).
The curves are calculated for U/m = 1, mL = 5 and
B = 1/m. Coefficients T±(R±) describe the transmitted (re-
flected) waves with k
(±)
y . In this regime both T− and R−
vanish. We assume that kx = 0 because nonzero kx only
renormalizes m.
be scattered to k(−)y channel since k
(+)
y and k
(−)
y belong to
different sectors. Solving Eqs. (24) in this limit, we ob-
tain R− = T− = 0 and
R+ =
[(q(−)y )
2 − (k(+)y )
2] sin2(q(−)y L)
4(q(−)y k
(+)
y )2 + [(q
(−)
y )2 − (k
(+)
y )2] sin
2(q(−)y L)
, (25)
where q(−)y =
√
(m− |ε− U |) /B. The dependencies of
R+ and T+ = 1−R+ versus ε are shown in Fig. 6. These
functions are non-monotone due to dimensional oscillat-
ing factor sin2(q(−)y L). Equation (25) is, in some respects,
similar to the expression describing scattering of a non-
relativistic particle on a rectangular barrier21. However,
there is an important difference. The transmission coef-
ficient of a non-relativistic particle Tnrel(ε) oscillates due
to dimensional effect if ε > U , but is monotone if ε < U .
In the case of the nodal-ring semimetal, the functions
R+(ε) and, consequently, T+(ε) are non-monotone even
for ε < U . Mathematically, this occurs due to the exis-
tence of the plane wave solutions with Im q(−)y = 0 in the
regime ε < U .
The case of the infinite-length barrier can be consid-
ered in the same manner. After matching the wave func-
tion and its derivative at the barrier edge, reflection co-
efficients R± can be calculated. In general, both of them
are non-zero, that is, the scattering in four channels is
possible. In the limit kz = 0 we can find explicit formu-
las
R+ =
(
k
(+)
y −q
(+)
y
k
(+)
y +q
(+)
y
)2
, T+=
(
2k
(+)
y
k
(+)
y +q
(+)
y
)2
, (26)
R− = T− = 0.
This result is similar to the case of the scattering of non-
relativistic particle.
V. CONCLUSION
We show that the electron scattering in the nodal-line
semimetals demonstrates unusual features, such as the
Klein tunneling, reflectionless transmission at ‘magic an-
gles’ (which is an analogue of the classical Ramsauer-
Townsend effect), and the emergence of the additional
scattering channels.
The Klein tunneling occurs for a barrier parallel to
the basal plane. The momentum of the incident particle
must satisfy the condition m − Bk2
⊥
= 0. If these re-
quirements are met, Hamiltonian (1) effectively describes
one-dimensional massless fermions, for which the Klein
tunneling is a well-established phenomenon.
Besides the Klein tunneling, reflectionless propagation
across the barrier can be observed for a particle collid-
ing with the barrier at certain ‘magic angles’. These
angles depend on the barrier width. Such a behavior
is related to the Ramsauer-Townsend effect for a non-
relativistic quantum particle. Similar phenomena dis-
cussed for graphene18. However, the classical Ramsauer-
Townsend effect exists for a particle whose energy ex-
ceeds the height of the barrier, while in the nodal-line
semimetals a particle with ε < U also demonstrates the
same reflectionless propagation.
When the barrier is perpendicular to the basal plane,
the Klein tunneling is impossible. In this configura-
tion another interesting phenomenon can be observed:
7the second scattering channel becomes available both for
transmitted and reflected particles. Such an unusual
scattering occurs because the system of equations de-
scribing conservation of the electron energy and momen-
tum has two different roots. Therefore, two different val-
ues of |ky | are admissible. The first of these values is
the same as |ky | of the incident particle, while the second
differs. Thus, the wave functions of the transmitted and
reflected particles are superpositions of two states with
unequal momenta. Depending on the scattering param-
eters, the probability of changing |ky| after a scattering
event can be substantial. We prove this for scattering
processes confined to the basal plane.
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